We find the high overtones of gravitational and electromagnetic quasinormal spectrum of the Schwarzschild-de Sitter black hole. The calculations show that the real parts of the electromagnetic modes asymptotically approach zero. The gravitational modes show more peculiar behavior at large n: the real part oscillates as a function of imaginary even for very high overtones and these oscillations settles to some "profile" which just repeats itself with further increasing of the overtone number n. This lets us judge that Re(ω) is not a constant as n → ∞ but rather some oscillating function. The spacing for imaginary part Im(ω n+1 ) − Im(ω n ) for electromagnetic perturbations at high n slowly approach k e as n → ∞, where k e is the surface gravity. In addition we find the lower QN modes for which the values obtained with numerical methods are in a very good agreement with those obtained through the 6th order WKB technique.
Introduction
Quasinormal (QN) modes of black holes are of considerable interest recently because of their interpretation in ADS/CFT correspondence [1] - [7] , and of possibility to detect gravitational waves from black holes [8] . Recently it has been observed that the quasinormal modes can play a fundamental role in Loop Quantum Gravity (LQG) [9] : for asymptotically flat black holes it has been found that the asymptotic value of the real part of the quasinormal frequency (i.e. when the overtone approaches infinity) coincides with the Barbero-Immirizi parameter, which must be fixed to predict the Bekenstein-Hawking formula for entropy within the framework of LQG. All this stimulated development of different approaches to calculation of quasinormal modes [10] . In particular, the analytical expression for asymptotically high QN modes of D-dimensional Schwarzschild black hole was obtained in [11] , [12] .
The asymptotic overtone quasinormal behavior was studied by Nollert [13] for the Schwarzschild black hole (see [5] ), and in [6] for the Schwarzschild anti-de Sitter black hole. Yet there is no such study for Schwarzschild-de Sitter black hole (SdS BH), except for near extremal case [14] . By using the 6th order WKB technique the low lying modes of SdS BH were estimated in [15] . In the work [16] , the low lying QN modes for gravitational perturbations of Schwarzschild-de Sitter black hole were obtained with the help of the Leaver method [17] . In [18] it was found the low lying QN modes for higher (> 4) dimensional Schwarzschild black hole with different values of lambda term; this includes cases of Schwarzschild, Schwarzschild-de Sitter, and Schwarzschild-anti-de Sitter black holes.
For the higher QN modes of the near extremal SdS BH, in [14] it was shown that in contrast to asymptotically flat SBH, the QN spectrum of SdS BH have oscillatory behavior: the real part oscillates as a function of imaginary. Recently there appeared a lot of works using different numerical and analytical approaches devoted to near extremal Schwarzschild-de-Sitter quasinormal spectrum [20] .
In this paper we make numerical investigation of the high overtones of Schwarzschild-de-Sitter quasinormal spectrum. We show that at very high overtones the real parts of the gravitational QN modes oscillates as a function of imaginary part. Thus the real part of ω does not go to any constant limit and, thereby, the interpretation of the asymptotic QN frequency as those connected with the Barbero-Immirizi parameter in LQG is impossible. We also show that the real part of the electromagnetic QN modes approaches zero as an overtone number goes to infinity. At high overtones the QN spectrum shows rather peculiar behavior of some periodic weaving. The numerical results at high overtones are in a very good agreement with recent analytical (algebraic) equations which govern the asymptotic behavior, while the lower overtones are in a good agreement with those obtained earlier with the 6-th order WKB method.
The paper is organized as follows. In Sec. II there are basic formulas of SdS background for Nollert technique. Sec. III is devoted to the low (first ten) overtones. Sec. IV deals with very high overtones which let us judge about overtone asymptotic behavior.
Basic equations
The Schwarzschild-de-Sitter black hole is described by the metric
It is well known that the perturbation equations can be reduced to the Schrödinger wave-like equation
by using the so-called tortoise coordinate:
Under the choice of the positive sign of the real part of ω, QNMs satisfy the following boundary conditions Ψ(r * ) ∼ C ± exp(±iωr * ), r −→ ±∞, (2.4) corresponding to purely in-going waves at the event horizon and purely out-going waves at the cosmological horizon. The effective potential is given by
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where ǫ = 3 for gravitational perturbations and ǫ = 0 for electromagnetic ones. The appropriate Frobenius series are
where r e is the event horizon, r c is the cosmological horizon, ρ e and ρ c are determined by
and one can find
Substituting (2.6) into (2.2), we obtain the three-terms recurrent relation for a n a n+1 α n + a n β n + a n−1 γ n = 0, n ≥ 0, γ 0 = 0,
where the coefficients α, β, γ have the form:
Following Leaver [17] we are searching QNMs as the most stable roots of
(2.10)
The infinite continued fraction on the right side of the equation (2.10) converges worse if the imaginary part of ω increases with respect to the real part. This problem was circumvented by Nollert [13] . He considered
Making use of the recurrence relation (2.11) one can find for large N:
,
The series (2.12) converge for |ω|/N < A < ∞, so we can use this approximation for R N inside the continued fraction for some N ≫ −Im(ω) ∼ n. In practice to find an appropriate N we increase it until the result of the continued fraction calculations does not change. If one is limited by the near extremal SdS black hole the imaginary part, being proportional ro surface gravity, is still small in this limit, and, one can use the Frobenius method without Nollert modification [14] which includes expansion in N. For non extremal values of Λ the situation is more complex and we have to deal with Nollert technique as described above.
Lower overtones
Here we present results of calculation for first ten overtones for different values of Λ and l (see Appendix in this paper). It turned out that the lower overtones obtained here with the help of Leaver method are in a very good agreement with those obtained through the 6th order WKB method [23] . Thus for example for Λ = 0.02 and l = 2 gravitational perturbations from the 6th order WKB approach we have for the fundamental overtone (n = 0) ω = 0.3384 − 0.817i while from the continued fraction we obtain ω = 0.33839143 − 0.08175645i. For electromagnetic perturbations with l = 1 n = 0 we have ω = 0.2259 − 0.0842i and ω = 0.22594346 − 0.08410383i from the 6th order WKB formula and from continued fractions respectively. Note that the pure imaginary algebraically special value for l = 2 gravitational perturbations which corresponds to the 8th mode "move" to the 9th mode for Λ = 0.02 and to the higher mode for greater Λ. When the Λ is growing both the real and the imaginary parts of ω are decreasing, i.e. modes damp more slowly and oscillates with greater real frequency. In the near extremal regime, i.e. when the Λ term is close to its extremal value 1/9 (M = 1), the effective potential approaches the Pöschl-Teller potential and only several first modes are well described by the formula:
for scalar and electromagnetic perturbations, and by
for gravitational (axial) perturbations. Here
. Note that the gravitational perturbations can be divided into the two kinds which can be treated separately: axial (symmetric with respect to the change ϕ → −ϕ) and polar. In [23] it was shown both numerically and analytically that there is the isospectrality between these two kinds of perturbations, i.e. they both induce the same QN spectrum. That is why we treat here only the axial type of gravitational perturbations.
High overtones
Finding of very high overtones is a time consuming procedure since the "length" of the continued fractions must be large enough. When we give for example the 100000th overtone that does not mean that we found all the previous 99999 modes; that would require an enormous amount of time. Yet we choose those modes to calculate which would characterize the structure of the quasinormal spectrum at high overtones.
1.Gravitational perturbations. We state that gravitational quasinormal spectrum of SdS black hole at asymptotically high overtones shows oscillatory behavior: the real part of ω oscillates as a function of imaginary part and thus does not approach any constant value. We have checked this for very high overtones (see for example Fig. 1 where computations performed up to n ∼ 165000 ). The same behavior for the real part of ω was observed in the near extremal regime of Λ [14] .
The imaginary part of ω is roughly proportional to n at large n and thereby can be approximately described by the formula:
where k e is the surface gravity at the event horizon.
Yet, this formula is not exact even for asymptotically high overtones since the spacing between nearby overtones Im(ω n+1 )−Im(ω n ) shows very peculiar dependence on n (see as an example Fig. 4 ). From the first sight at figures 2 and 3 one could conclude that we have with numerical noise, yet if drawing the difference Im(ω n+1 ) − Im(ω n ) as a function of n in a greater scale (Fig. 4) , we see that Im(ω n+1 ) − Im(ω n ) shows quite ordered repeated structures thus the behavior is periodic. It is important that these periodic weaves do not have tendency of damping, i.e. the spacing does not approach k e however the average value of spacing over sufficiently large number of modes equals k e :
That is why the approximate formula (4.1) is valid. The true asymptotic formula, apparently, must have the form:
where f (n) is some analytically unknown part consisting of small deviations from k e similar to those shown on the Fig. 4 . The average value of f (n) in the sense of the formula (4.2) equals zero. The oscillations of real part of ω as a function of imaginary part have very complicated form: the nearby overtones suffer from violate oscillations with lots of maximums and minimums similar to those shown on Fig. 4 . These peaks form a larger wavy line like that shown on Fig. 1 . Thus there is little hope to find a simple analytical expression which could describe these oscillations.
An important question is how we can judge whether the computed overtones are high enough to reflect the true asymptotic behavior?. We are sure that at a sufficiently large n the oscillations have a stable "profile" which just repeats itself with further increase of n. We can see the approaching of such a "final" profile on Fig 1. 2.Electromagnetic perturbations. Electromagnetic perturbations show rather different behavior at high overtones: also there are oscillations of real part as a function of imaginary part, these oscillations damp when increasing the overtone number (see Fig. 4 as an example). Thus the real part of ω asymptotically approaches zero. We have checked already that at n ∼ 5000 real part of ω is vanishing and we have not found QN modes with non-vanishing real part at higher n at all.
The imaginary part of electromagnetic QN modes shows the same behavior at high overtones as the gravitational modes do. That is, even though the imaginary part of ω is roughly proportional to n at large n, the spacing weaves as a function of n with average value
, (n is large) over sufficiently large quantity of modes. On contrary to gravitational perturbations, these weaves of the spacing of Im(ω) damp and for very high n it is approaching the equidistant spectrum:
Comparison with analytic formulas
After the first version of this work has been appeared [25] , V.Cardoso, J.Natarrio and R.Schiappa [26] managed to find an analytical expression for n → ∞ QN behavior. They found that the gravitational modes must obey the following algebraic equation takes place for the asymptotically high (n → ∞) gravitational modes (k c is the surface gravity at the cosmological horizon.). While for electromagnetic modes they obtained the two possibilities ω = i(n + 1/2)k e or ω = i(n + 1/2)k c .
First of all the numerical data shown on Fig. 1 are in a good agreement with the above asymptotic formula for gravitational perturbations and the more n the closer numerical values to its analytical values, and, thereby, the better the QN modes obey the algebraic equations 5.1. The difference is quite understood, since complete coincidence is only asymptotical. Yet the formula 5.1 does not predict the asymptotic behavior of imaginary part as a function of overtone number. It only connects the real and imaginary parts within one algebraic equation. From the approximate relation 4.2, one could expect that at some very high n one could observe the equdistant spectrum like ω = i(n + 1/2)k e . We have not observed any signs of it, since the weaves of the spacing of imaginary part do not show any tendency to damping. As to electromagnetic perturbations we observed that the asymptotic formula ω = i(n + 1/2)k e is really true. That is, the greater n the closer QN modes to the values ω = i(n + 1/2)k e . This is difficult to see for not very high overtones, but the coincidence of numerical and analytical results is very accurate for sufficiently high overtones. An instance of this approaching asymptotic regime is demonstrated on the following table. Thus our numerical data confirm the analytic results very well. This agreement between numerical and analytical results also stated in the paper [26] .
Conclusion
We have shown that even at very large overtone number the real part of the gravitational quasinormal frequency of SdS black hole oscillates as a function of imaginary part and these oscillations do not have any tendency to damping, i.e. the real part of ω asymptotically does not approach any constant value. On contrary to gravitational modes, real part of electromagnetic modes oscillates as well but these oscillations are damping with the growing of the overtone number and the real part asymptotically approaches zero.
In the case of Schwarzschild black hole the interpretation of the asymptotic value for quasinormal frequency is known [9] : the real part of it coincides with the Barbero-Immirizi parameter. We see that such a direct correspondence should be impossible for Schwarzschild de Sitter background, since the asymptotic value for quasinormal frequency is not a constant. Thus the possible connection of the QN frequency with the Barbero-Immirizi parameter in LQG is still an open question for Schwarzschild de Sitter black hole. 
